Common conceptual models for unsaturated flow often rely on the oversimplified representation of medium pores as a bundle of cylindrical capillaries and assume that the matric potential is attributed to capillary forces only. The adsorptive surface forces are ignored. It is often assumed that aqueous flow is negligible when a soil is near or at the residual water content. These models are successful at high and medium water contents but often give poor results at low water contents. These models do not apply to conditions at which water content is less than the residual water content. We extend the lower bound of existing water-retention functions and conductivity models from residual water content to the oven-dry condition (i.e., zero water content) by defining a state-dependent, residual-water content for a soil drier than a critical value. Furthermore, a hydraulic conductivity model for smooth uniform spheres was modified by introducing a correction factor to describe the film flow-induced hydraulic conductivity for natural porous media. The total unsaturated hydraulic conductivity is the sum of those due to capillary and film flow. The extended retention and conductivity models were verified with six datasets from the literature. Results show that, when the soil is at high and intermediate water content, there is no difference between the un-extended and the extended models; when the soil is at low water content, the un-extended models overestimate the water content but under-estimate the conductivity while the extended models match the retention and conductivity measurements well.
Introduction
This report describes the soil water retention and relative permeability functions for conditions from oven-dry to full saturation. These functions were developed as part of the Remediation Decision Support of the Groundwater Remediation Project, managed by CH2MHILL Plateau Remediation Company, Inc., Richland, Washington. The purpose of the development is to better describe water movement under dry conditions such as those at the Hanford site.
Common conceptual models for unsaturated flow often rely on the oversimplified representation of medium pores as a bundle of cylindrical capillaries and assume that soil water pressure head is attributed to capillary forces only and ignores the adsorptive surface forces. Hence, it is often assumed that aqueous flow is negligible when a soil is near or at a residual water content, θ r . The reason for the finite value of θ r is that the dominant historical water-content measurements were in the wet range, and the typical soil water retention models assumed asymptotic behavior at low water content values. It is generally treated as a fitting parameter. Hence, an effective saturation is often defined as S e = (θ-θ r )/(θ s -θ r ) with θ being water content and θ s the saturated water content. Effective saturation is then used in the soil water retention function, h(S e ), with h being the pressure head, and in the relative permeability function, k r (S e ). Various commonly used models have been developed to describe the h(S e ) (e.g., Brooks and Corey 1964, van Genuchten 1980) and the k r (S e ) (e.g., Burdine 1954 , Mualem 1976a relationships. These functions are successful at high and medium water contents but often give poor results at low water contents. These models do not apply to conditions at which θ is less than θ r , e.g., the infiltration process into a soil with initial water content θ i < θ r , the evaporation process with a dry layer of soil at the ground surface, or the soil desiccation process with a heat source. Consequently, these processes cannot be simulated correctly if a model with constant residual water content is used.
A few researchers have tried to extend the h(θ) relation to the oven-dry condition. Ross et al. (1991) proposed a correction of the Campbell (1974) model that makes water content θ = 0 at a finite value of pressure head h d . Campbell and Shiozawa (1992) modified the van Genuchten (1980) model for improving fits to dry range data. Rossi and Nimmo (1994) developed two models that fit the entire range from saturation to over-dryness. Fayer and Simmons (1995) extended the van Genuchten relationship to the oven-dry condition by replacing the constant residual saturation with a variable that is log-linear to the pressure head h. The above models require a refitting of the revised curves to the data. Webb (2000) extended the van Genuchten model to the oven-dry condition with a log-linear relationship by using actual saturation, S = θ/θ s , instead of the effective saturation, and the extension does not require any refitting of parameters.
There is little attempt to extend the relative permeability function to the full range of saturation. Rossi and Nimmo (1994) and Fayer and Simmons (1995) simply replaced effective saturation by actual saturation in the Mualem model. This leads to an overestimation of k r at high and intermediate water content. Tuller and Or (2001) proposed a model of unsaturated hydraulic conductivity due to film and corner flow. The model is mathematically very complex and is not compatible with the commonly used retention models. Peters and Durner (2008) presented a new model that combines a simple film flow function with the capillary flow model of Mualem. To use the model, additional parameters must be known to quantify the contribution of film flow.
1.2
This report extends the lower bound of the existing retention and relative permeability models from residual water content, θ r , to zero water content. The theory is presented in Section 2, followed by the model test in Section 3.
2.1

Theory
This section describes the mathematical expressions of soil water retention and the unsaturated hydraulic conductivity. For brevity, the unsaturated hydraulic conductivity may also be simply referred to as hydraulic conductivity or conductivity.
Classical Models of Water Retention and Conductivity
The Brooks and Corey (1964) and the van Genuchten (1980) models are two commonly used water retention functions (WRFs):
where h e is the air-entry pressure head, and α is a fitting parameter that is inversely proportional to the pressure suction at air-entry; λ and n are fitting parameters related to particle-size distribution; and m is a constant that is commonly approximated by m = 1-1/n (van Genuchten 1980). The above WRFs generally perform well at high and intermediate θ but poorly in low θ; they do not apply to conditions when θ ≤ θ r . Although it is possible to set θ r = 0 so that the above WRFs can apply to the full range of soil wetness, the WRFs usually do not perform the best if θ r = 0 is enforced. The hydraulic conductivity due to capillary flow is commonly defined by an expression of the form (Zhang et al. 2003) where i denotes one of the three principal directions, L is a connectivity-tortuosity coefficient, and β and γ are constants. Equation (2.2) reduces to the Burdine (1953) relationship when β = 2 and γ = 1 and to the Mualem (1976a) relationship when β = 1 and γ = 2.
Water Retention for Full-Range Saturation
The concept of a commonly used WRF (e.g., Eq. 2.1) is shown schematically in Figure 2 .1a. For these models, the soil water content is never less than θ r regardless of the pressure head value. These commonly used models will be referred to as the un-extended models to distinguish them from their extended version that can apply to conditions from saturation to zero water content.
To describe the θ(h) relationship for the full-range of water content, we conceptualize soil water flow as a combination of capillary and film flow. Hence, the θ(h) curve is divided into segments I and II (Figure 2 .1b). We define the pressure head dividing the two segments as the critical pressure head, h c , and the water content corresponding to h c as the critical water content, θ c . Details for determining h c and 2.2 θ c will be given in Section 2.4. When a soil is wetter than θ c , θ r is a constant and water may move dominantly as capillary flow. The θ(h) relationship is described by the un-extended model. When the soil is drier than θ c , water may move dominantly as film flow, and the θ(h) relationship tends to obey the adsorption-based or similar model. Segment II of the θ(h) curve may be described in different ways. A simple way is to use the adsorption-based model to replace the un-extended model (Campbell and Shiozawa 1992) . However, because the residual water content is not a constitutional parameter in the adsorption-based model, the effective saturation cannot be defined, and hence, the extended WRC in this way is not compatible with the commonly used relative permeability models. Moreover, the adsorption model is not continuous at h d , i.e., the soil water condition for |h| > |h d | is undefined. To circumvent this problem, we used the adsorption-based model (Campbell and Shiozawa 1992) to describe θ r , instead of θ, when the pressure head is less than a critical value h c as shown in Figure 2 .1b:
where ξ is a correction factor, θ r0 is the residual water content for the un-extended model and is a constant. The modified effective soil water saturation, S e * , is then defined as 
Equations (2.5a) and (2.5b) reduce to the classic definition of effective saturation when |h| ≤ |h c |.
Hydraulic Conductivity for Full-Range Saturation
For a more accurate description of the flow rate at a low water content, both capillary flow and film flow need to be considered. We assume that both the capillary flow and film flow exist at the full range of saturation. However, as will be shown in Section 3.0, the contribution of film flow to the total flow is negligible at high and intermediate water content; and vice versa, the contribution of capillary flow to the total flow is negligible at low water content.
2.4
Hydraulic Conductivity Due to Capillary Flow
After redefining the effective saturation in Eq. (2.4), the contribution to the hydraulic conductivity due to capillary flow can be determined using the classical model [e.g., Eq. (2.2)] combined with the extended WRF:
For example, after incorporating the van Genuchten function into the Mualem (1976a) 
Hydraulic Conductivity Due to Film Flow
Tokunaga (2009) developed a formula for estimating hydraulic conductivity due to film flow in smooth uniform spheres by combining Langmuir's film model (Bird et al. 1960 ) with scaling analysis. Here we adapt the Tokunaga (2009) formula to natural porous media by introducing a soil-dependent correction factor as . These values are generally many orders of magnitude smaller than the saturated hydraulic conductivity because of capillary flow, indicating that the contribution of film flow to the total is usually very small and negligible under saturated conditions. However, when the soil is very dry and capillary flow becomes very small, the contribution from film flow can be significant or even dominant.
The total hydraulic conductivity is the sum of the contributions due to capillary flow [Eq. (2.6)] and film flow [Eq. (2.8)]:
Determination of the Critical Pressure and Critical Water Content
As mentioned above, the WRC is divided into two segments, I and II, at a critical point (h c , θ c ). Fisher (1926) derived the critical pressure head for close-packed spheres as h c ≈ -9.1σ/ρgd g (Tokunaga 2009 ), with σ being the surface tension. This indicates that the critical pressure head is inversely proportional to grain diameter, and finer materials will have smaller (more negative) h c . For example, assuming that σ = 0.072 N m -1 , for a silty soil with a mean particle diameter of 0.01 mm, the estimated critical pressure head is -6.7 m. However, the Fisher (1926) formula for smooth spheres may not apply to natural porous media.
For keeping a smooth water-retention curve, we followed the procedures in Web (2000) but presented them in a slightly different way. We log-transformed h as Z = ln(h) and hence Z d = ln(h d ), Z c = ln(h c ); the WRF is then expressed as θ(Z). For a smooth transition of the two WRC segments, the tangent line (i.e., the first derivative) on the θ(Z) curve through the critical point is enforced to pass the point corresponding to the oven-dry condition, i.e., (Z, θ) = (Z d , 0). Hence, the slope at the critical point can be determined by differentiating Eq. (2.5) for segment I: 
Model Tests
This section tests the extended retention and hydraulic conductivity models using the selected measurements from the literature.
Measured Hydraulic Properties
To verify the new models, we used six datasets from the literature that contain measurements of both θ(h) and K; some of the θ(h) or K data were measured under the conditions at or drier than -150 m pressure head. The selected measurements are briefly summarized below. Pachepsky et al. (1984) reported the unsaturated hydraulic properties for a few soils, three of which were measured at the pressure head as low as about -2000 m (Figure 3 of Pachepsky et al. 1984) . The unsaturated hydraulic properties of the Gilat loam reported in Mualem (1976b) were measured down to the pressure head of about -1500 m. (These data may also be found in Tuller and Or 2001, or in Peters and Durner 2008) . Jackson et al. (1965) measured the soil water retention properties of the Adelanto loam and the Pochappa loam with pressure plates at high water content and pressure membranes at low water content by equilibration with saturated salt solution. The water contents were measured at different pressure head from near zero to as low as -2.5×10 4 m for the Adelanto loam and to -3.1×10 4 m for the Pochappa loam. They also summarized the unsaturated hydraulic conductivity of the Pochappa loam in Gardner and Miklich (1962) and determined the K of both soils from diffusivity measurement reported in Jackson (1963 Jackson ( , 1964 . These results are reported in the Figures 5 and 6 of Jackson et al. (1965) and were digitized for our use.
The Un-Extended and Extended Retention Models
As mentioned above, the extended water retention model does not introduce any additional parameters because the critical water content and critical pressure head are calculated from other parameters. However, although it is possible, direct fitting the extended model to the h(θ), K(θ) and/or K(ψ) measurements is not straightforward due to the introduction of θ c and h c . Here, we fit the hydraulic parameters for the un-extended retention model using only measurements under the conditions wetter than -150 m pressure. The rest of the measurements were used to test the extended model. Parameter θ s was directly determined based on measurements. Parameters α, n, and θ r of the van Genuchten model were optimized to the θ(h) data.
The measured retention and conductivity for the soils selected were described using both the unextended and extended models as shown in Figure 3 .1 through Figure 3 .6. For soils #1, #5, and #6, the extended retention model showed significantly improved matching to data at low water content ( Figures  3a, 6a, and 7a) ; when |h| ≤ |h c |, the un-extended and extended models are identical; when |h| > |h c |, the unextended model generally gives a water content no less than θ r regardless of pressure head, while the water content from the extended model decreases with increasing ln(|h|) from θ c to zero. For example, Figure 3 .2a shows that, when the soil is wetter than -5.1 m pressure head, both the un-extended and extended van Genuchten models can describe the retention curve of the Galit loam equally well; when the 3.2 soil is drier than -5.1 m pressure head, the un-extended model generally gives a water content ranging between 0.1 and 0.106, which are very different from the measurements; the water content from the extended model decreases with increasing ln(|h|) from 0.106 to zero and matches the measurements very well. For soils #2, #3, and #4, their residual water contents were zero or near zero, and hence an extension is not needed. Table 3 .3 lists the fitting error expressed as the root of the mean squared error (RMSE) of water content. Comparing this with the RMSE of the un-extended model, the fitting errors of the extended model were reduced by 57% to 82% for soils #1, #5, and #6 where the fitting error was the same for soils #2, #3, and #4.
The fitted hydraulic parameters, the calculated critical pressure head, and the critical water content are summarized in Table 3 .1. The same set of parameters (i.e., θ s , θ r0 , α, n, K s , and L) can be used for both the un-extended and extended retention models and the capillary flow-based hydraulic conductivity model ), which are unusual for loamy soils. 
The Capillary and Film Hydraulic Conductivity Models
With the retention parameters being fixed, K s and L were then fitted to the K(θ) and/or K(h) data at high and intermediate θ or h. With the fitted K s , the effective grain diameter d g was estimated using the Kozeny model, and the K s film was determined with Eq. (2.8). The correction coefficient f for the film flow model was fitted to the K data at low θ or h. For soils #1 to #4, each K(h) dataset had an obvious point, which indicates the transition from capillary flow to film flow. For soils #5 and #6, only one K data point at the driest water content was considered to be of film flow. Figure 3 .1b through Figure 3 .6b compare the measured and predicted conductivity for the six soils. The van Genuchten-Mualem capillary flow model K cap can describe the K curves quite well up to a critical point, beyond which the capillary flow model significantly underpredicts K; contrarily, the film 3.3 flow model K film can describe the K curves when the soil is relatively dry. Consequently, the summation of the capillary and film flow models can predict the whole K curve very well. For example, Figure 3 .1b shows that, the capillary flow model can well match the data up to the pressure head of about -1.5 m, while the film flow model can match the data under the conditions drier than -1.5 m pressure head. Consequently, the total of the K cap and K film model can describe the K curve of the Gilat loam very well. Table 3 .3 lists the fitting error of ln(K). Comparing these with those of the capillary-based model, the fitting errors were reduced by 52% to 98% for soils #1 to #4. The fitting error using the capillary model of hydraulic conductivity was infinity when θ ≤ θ r for soils #5 and #6. The parameters for the film flow models are summarized in . The fitted correction factor f varied by two orders of magnitude from 54 to 5341. It appears that f increases with the effective grain diameter (Figure 3.7) for the limited data available. This indicates that K film can be significantly underestimated by the original Tokunaga (2009) model, which was developed for a porous medium of smooth uniform spheres. Natural soil grains are often very rough and in irregular shape, and their grain size may vary a few orders of magnitude. Consequently, a natural porous medium may have a significantly larger surface area conducting film flow than a medium with smooth uniform particles. However, the correction factor may not apply to other soils because the empirical relationship shown in Figure 3 .7 was based on limited data, and natural soils or sediments vary significantly. 3.4 
